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This  work p resen t s  a genera l  method f o r  t h e  syn thes i s  of 
any open-c i rcu i t  transfer func t ion ,  which i s  expressed as a 
r a t i o n a l  func t ion  wi th  real  c o e f f i c i e n t s .  I t  i s  shown t h a t  
such funct ionsnbe r e a l i z e d  by using two d i s t r i b u t e d  RC elements 
(modified by a c t i v e  u n i t s  i f  necessary) ,  one negat ive  impedance 
@- 
conver te r  and one lumped capac i tor .  The d i s t r i b u t e d  RC element 
used he re  is  a three- layer -s t ruc ture ,  a pure d i e l e c t r i c  sandwiched 
i n  between a p e r f e c t  conductor and a resist ive f i lm.  
I. In t roduc t ion  
This  paper p re sen t s  a method t o  syn thes i ze  t h e  open-c i rcu i t  
t ransfer  f u n c t i m  zf a two-port network. The d i s t r i b u t e d  RC 
elements descr ibed  i n  t h e  previous papers [11- [61  a r e  used. I t  
is  shown t h a t  any r a t i o n a l  t r a n s f e r  func t ion  can be r e a l i z e d  with 
s o m e  a c t i v e  elements imbedded i n  two u n i t s  of such d i s t r i b u t e d  
RC elements and one lumped capac i to r .  The procedure i s  extremely 
simple.  The d i f f e r e n c e  i n  t h e  r e a l i z a t i o n s  for d i f f e r e n t  func t ions  
l ies  only  i n  t h e  curve c u t  on t h e  conductor s h e e t  of each d i s t r i -  
buted RC element. This  i s  q u i t e  d i f f e r e n t  from t h e  s i t u a t i o n  
confronted i n  t h e  lumped RC a c t i v e  s y n t h e s i s  where t h e  number of 
elements may inc rease  tremendously as t h e  complexity of t h e  t r a n s f e r  
func t ion  i s  increased.  
11. Summary of Previous Works on Synthes is  
Barker E51 f i r s t  presented experimental  d a t a  f o r  an a c t i v e  
f i l t e r  by using two u n i t s  of such d i s t r i b u t e d  elements coupled w i t h  
some lumped RC elements.  H e  a l s o  claimed t h a t  any given r a t i o n a l  
open-c i rcu i t  t r a n s f e r  func t ion  can be synthesized by a Yanagisawa's 
conf igu ra t ion  containing two networks A and B and an N I C  (Fig.  1) .  
Each one of t h e  networks A and B i s  i n  gene ra l  composed of cascaded 
d i s t r i b u t e d  e l e m e n t s  and some lumped RC elements.  Obviously, h i s  
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Fig. 1.- Yanagisawa's Configuration 
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method again s u f f e r s  t h e  drawback t h a t  t h e  number of e i t h e r  d i s -  
t r i b u t e d  elements o r  lumped elements requi red  w i l l  become very 
l a r g e  when t h e  o r d e r  of t h e  given t r a n s f e r  func t ion  i s  high. 
Before Barber, H e i z e r  E31 has a l s o  d iscussed  s y n t h e s i s  
method by t w o  numerical  examples. H e  r e a l i z e d  a low-pass f i l t e r  
w i t h  open-c i rcu i t  t r a n s f e r  func t ion  
K ( s 2  + 5.15) G ( s )  = 
( s  + 0.695)  ( s 2  + 0.54s + 1.151) 
by s t a r t i n g  with Yanagisawa's conf igura t ion  and ending up with a 
network composed of t w o  d i s t r i b u t e d  elements,  one NIC, and t w o  
lumped r e s i s t o r s  and one capac i tor .  H e  a l s o  r e a l i z e d  one biquard- 
r a t i c  func t ions  
s 2  + 1 
s 2  + a s  + 1 
G ( s )  = K 
with a d i s t r i b u t e d  element,  a phase i n v e r t o r  and a r e s i s t o r .  
Later, Woo and Hove [ 6 ]  have shown t h a t  a second o rde r  o r  
t h i r d  o r d e r  open-c i rcu i t  t r a n s f e r  func t ion  can be synthesized by 
t w o  d i s t r i b u t e d  elements ( t h e  s p e c i a l  kind they c a l l  s i n g l e  pole  
p a r t i t i o n e d  capac i tance  network) and an NIC and some lumped R, C 
elements.  They f u r t h e r  tabula ted  some pro to type  networks corresponding 
t o  t h e s e  k inds  of  t r a n s f e r  func t ions  and showed t h e  advantages by 
comparison with networks r e a l i z e d  w i t h  a l l  lumped RC elements.  
-4- 
111. Review of t h e  D i s t r i b u t e d  RC E l e m e n t s  
Fig. 2 r ep resen t s  a u n i t  of t h e  d i s t r i b u t e d  RC element con- 
s i d e r e d  as a two-port network. Its schematic diagram with both 
normalized dimensions and coordinates  i s  shown i n  Fig. 3 .  The 
s h o r t - c i r c u i t  parameters a r e  14 1 : 
2 ' 1 m  2 C p '  M B l m  s I 2 C 1  M c - -  c 
'If 2 m=O s a  + ( 2 m + 1 ) 2 x 1  m=O 2 m + l  Y 2 2  = 
, S I  i s  t h e  complex frequency and R1  i s  t h e  t o t a l  IT2 
4%C1 
where A 1  = 
r e s i s t a n c e  measured between x = 0 and x = 1 i n  t h e  r e s i s t i v e  f i l m  
and C 1  i s  t h e  t o t a l  capaci tance between t h e  r e s i s t i v e  f i l m  and two 
conducting p l a t e s  when they a r e  a t  t h e  same p o t e n t i a l .  The B l m ' s  
are t h e  parameters which govern t h e  v a r i a t i o n  of the  capac i tances  
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Fig. 2 - A Two Port Network 
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Fig. 3 - A Schematic Diagram of a Distributed RC Element 
. 
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Note t h a t  t h e  d i s t r i b u t e d  capaci tance Clf 1 (x) a r e  phys ica l ly  
r e a l i z a b l e  only i f  fl (x )  i s  p o s i t i v e  f o r  0 2 x 1. 
I n  t h e  syn thes i s  procedure,  w e  have t o  t es t  t h i s  condi t ion  
a f t e r  w e  f i n d  t h e  6,'s. 
work, Besides,  it may have negat ive r e s u l t  and t h e  whole problem 
has  t o  be s t a r t e d  over again.  However, i f  a nega t ive  impedance 
conver te r  i s  introduced,  w e  may r ep lace  t h e  c u t  f 1 (x) by 1 f 1 (x) I 
and have a s i m i l a r  r e s u l t .  The proof i s  a s  follows: 
The t e s t  is, i n  genera l ,  a very t ed ious  
Consider t h e  b a s i c  d i f f e r e n t i a l  equat ion ( 6 )  of [ 4 ]  when 
app l i ed  t o  t h e  c i r c u i t  of  Figure 2.  
where v ( x )  i s  t h e  vol tage  a t  x on t h e  r e s i s t i v e  f i l m  with r e s p e c t  
t o  t h e  ground and y 2  = R 1 C 1 s '  . Replace f l  ( X I  by If1 (x) I and V2 
by $ ( x ) ,  w e  have 
I f  w e  l e t  $ ( X I  = V2 when f l ( x )  - > 0 and $(x) = - V2 when f l ( x )  < 0 ,  
then ( 4 )  w i l l  have t h e  same s o l u t i o n  a s  ( 3 ) .  
This suggests  t h a t  w e  can c u t  t h e  conductor sheet according 
t o  If 1 (x)  I and u s e  an a c t i v e  u n i t  connected t o  t h e  d i s t r i b u t e d  RC 
elements,  This a c t i v e  u n i t  i s  composed of a c u r r e n t  negat ive imped- 








Fig. 4 .  - 
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For  t h o s e  p a r t  of fdx)  2 0 
For  t h o s e  p a r t  of f&x) < 0 




To f i n d  t h e  s h o r t  c i r c u i t  parameters,  by r e fe rence  [ 4 ] ,  w e  
know t h a t  y l l ,  y21 are s t i l l  of t h e  form ( l a )  and (lb). But y z 2  
w i l l  be changed. Consider t h e  connect ion i n  Fig.  4 with p o r t  1 
s h o r t e d  and (11) of [ 4 ]  
and 
Compare (IC) and ( IC ' ) ,  t h e  second summations of bo th  are t h e  same 
b u t  t h e  first t e r m s  are d i f f e r e n t .  E i t h e r  t h e  summation i n  (IC) 
o r  t h e  i n t e g r a l  i n  (IC')  are cons tan t  and independent of s'. For 
t h e  convenience of c a l c u l a t i o n  w e  l e t  
which i s  e x a c t l y  t h e  f i rs t  summation of  (IC ) when f l ( x )  > 0 f o r  
0 < x _. < 1. Fur the r  from t h i s  p o i n t  on, w e  normalize t h e  frequency 
by Alar s = s : / ' A l  and r e w r i t e  t he  equat ion  i n  t h e  normalized fre- 
quency f o r  t h e  c i r c u i t  i n  F i g .  4 as 
- 
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IT JS 71 JS -tanh- 2R 1 2 Y 1 1  = - 
2 
l m  M c 71'KlS .2 s 2  - Y 2 2  = 
4 R l  8R1 m=O s + ( 2 m + 1 ) 2  
This d i s t r i b u t e d  element s h a l l  be c a l l e d  A 1  i n  t h e  sequel ,  
Another u n i t  (element) t o  be used is a d i s t r i b u t e d  two-terminal 
element formed by s h o r t - c i r c u i t i n g  t h e  terminalsof  port 1 of t h e  
element shown i n  Fig. 2 ,  
and it has admittance i n  t h e  same form as ( 6 c )  
This element s h a l l  be c a l l e d  element A2 
- 




= A 1  and R2 is  t h e  t o t a l  r e s i s t a n c e  measured between A 2  = 
x = 0 and x = 1 i n  t h e  r e s i s t i v e  
tance  between t h e  resist ive f i lm  and t h e  conductor p l a t e s  when they 
a r e  a t  t h e  same p o t e n t i a l .  The ~ 3 ~ ~ ' s  are parameters which govern 
t h e  v a r i a t i o n  of t h e  capaci tances  by a c u t  I f2  (x) I on t h e  conductor 
s h e e t ,  where 
f i l m  and C 2  i s  t h e  t o t a l  capaci-  
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and 
I V .  The Trans fe r  Function 
Suppose t h e  given open-c i rcu i t  t r a n s f e r  func t ion  i s  
where N ( s )  and D ( s )  are polynomials w i th  rea l  c o e f f i c i e n t s  i n  t h e  
complex frequency s .  Consider a two-port network which con ta ins  
elements A1 and A2 and a lumped c a p a c i t o r  Co as shown i n  Fig,  5 .  
The open-c i r cu i t  t r a n s f e r  func t ion  of such a connect ion is  
where t h e  y21, y22 and y are def ined  i n  ( 6 ) , ( 7 ) , a n d  C O  is  t h e  
capac i tance  of t h e  lumped element. One way t o  r e a l i z e  ( 1 0 )  by 
(11) i s  t o  l e t  
s N ( s )  - 










I N I C  
Fig. 5. - The Realization of G ( s )  
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where B ( s )  is  a polynomial having only nega t ive  r e a l  roots. 
t h e  necessary and s u f f i c i e n t  condi t ion for  phys ica l  r e a l i z a b i l i t y  
of  G ( s )  is t h a t  both ( 1 2 )  and ( 1 3 )  a r e  s a t i s f i e d .  The fol lowing 
s e c t i o n  w i l l  show t h a t  gene ra l ly  any G ( s )  can be r e a l i z e d  by a ne t -  
Thus, 
- hvrk 7- s b w n  in Fig, 5 .  "his network contains a lumped capac i to r ,  
a VNIC, and t w o  d i s t r i b u t e d  u n i t s  modified by a c t i v e  elements. 
proof i s  stated i n  the following r e a l i z a t i o n  procedure,  
The  
V. The Real iza t ion  Procedure 
Knowing the  condi t ions  ( 1 2 ) ,  (13) and t h e  p a r t i a l  f r a c t i o n  
expansion form of  (6), 
f o r  B ( s ) ,  
the  degree of D ( s )  is  n o t  greater than B ( s )  . 
(7), w e  may choose a s u i t a b l e  polynominal 
This r e q u i r e s  t h a t  N ( s ) / B ( s )  i s  a proper  f r a c t i o n  and 
L e t  
where 
N(s )  and - D ( s )  i n  p a r t i a l  f r a c t i o n s  as f o l l o w s :  
B (SI Expand both - B (SI 
and 
-13- 
where k '  = 0 i f  N1  - > N 2 .  
S u b s t i t u t i n g  (6b), (52) and ( 7 )  i n t o  (11) an2 s i x p l i f y i n g  
t h e  r e s u l t ,  w e  have 
R i  
R 2  
where P = - . L e t  G i  and G 2  be two p o s i t i v e  cons tan ts .  To r ea l i ze  
G i N ( s )  
G z D ( s )  
by ( 1 7 ) ;  i t  is  necessary t h a t  t h e  following equat ions a r e  
s a t i s f i e d :  
G l h ,  = ( 2 m + l ) B l r n  m = 0 ,  1, ..., M (18) 
and 
The t w o  cons t an t s  G 1  and Gz and t h e  r a t i o  p a r e  introduced t o  ensure 
t h a t  t h e  Blm's and the  a re  r e a l  numbers and t h a t  If1 ( X I  I and 
-14- 
I f 2 ( x )  I both have t h e i r  va lue  less than un i ty  f o r  a l l  0 5 x - < 1. 
I n  (181, s i n c e  a l l  hm's  a r e  r e a l ,  so  a r e  t h e  - 
are determined w e  may form 
*lm's. Afte r  - *1m, 
G 1  G 1  
and determine a value of G1 such t h a t  
I f l ( X )  I 1. ( 0  _I x c < 1) 
t o  f u l f i l l  t h e  condi t ion  of normalizat ion.  
Rearrange (19) w e  have 
4 2 ~ ( 2 m + 1 ) ~ f 3 ~ ~  = (G1h, l2  - - Gzk, (m = 0, 1, ..., M) . 
lr 
Among t h e s e  (M+1) equat ions  w e  can f i n d  a value f o r  G 2  such t h a t  
t h e  r i g h t  s i d e  of a l l  these equat ions a r e  p o s i t i v e .  Then w e  
ob ta ined  a l l  t h e  6 B 2 m ' s ,  e i t h e r  of t h e  t w o  poss ib l e  va lue  
( p o s i t i v e  and negat ive)  can be taken a r b i t r a r i l y .  Again, w e  form 
= 6 f 2 ( x )  ( 2 m + l )  A X  
M 
m= 0 6 1 flZmsin 2 
and determined a value f o r  6 such t h a t  
t o  f u l f i l l  t h e  condi t ion  of normalization. 
a r e  determined, w e  can make c u t s  on t h e  conductor s h e e t s  of A1  
and A2. 





By a i d  of (5)  and ( 9 )  w e  may c a l c u l a t e  K 1 and K 2  and then 
C o R l  can be determined from ( 2 0 )  H e r e ,  w e  have a freedom t o  
dec ide  t h e  va lues  of C o  and R1. I f  C O R l  i s  p o s i t i v e  then according 
t o  (11) t h e  lumped capac i to r  C o  i s  connected a s  i n  Fig.  5. I f  
C o R l  i s  negat ive  then t h e  C o  should be connected between terminal  
2 and te rmina l  0 i n  Fig.  5 instead.  
The above procedure shows t h a t  f o r  any r a t i o n a l  func t ion  G ( 5 )  
w e  can always f i n d  a f l ( x )  and a f 2 ( x )  and a C,. No mat te r  how 
complicated G ( s 3  is ,  f 1 (x)  and f , (x)  are two s ingle-valued curves 
c u t  on AI and A, r e spec t ive ly ,  s i n c e  they a r e  summations of f i n i t e  
terms of Four i e r  series. 
It should be noted t h a t  t h e  network shown i n  Fig.  5 is  t h e  
most gene ra l  case  f o r  which both f (x)  and f ,  (x )  a r e  negat ive i n  
some s u b i n t e r v a l s  of t h e  i n t e r v a l  0 < x < 1. The number of N I C ' s  
can be reduced f o r  t h e  following cases:  
- - 
then only t h r e e  N I C ' s  are needed (Fig.  6 a ) .  
(ii) f l ( x )  < 0 f o r  some 0 < x < 1; f 2 ( x )  > 0 f o r  a l l  0 < x < 1, - - - - - 
then only t w o  N I C ' s  a r e  needed (Fig.  6b) 
(iii) f, (x) > 0 and f, ( x )  > 0 f o r  a l l  0 < x < 1, only one N I C  - - - - 










Fig. 6 Simpiifications for  Speciai 
the Configuration in Fig. 5 
Cases Of 
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V I .  Fur ther  Remarks 
(i) I n  choosing A i  and A 2 ,  w e  r equ i r e  t h a t  both elements should 
have t h e  same A ,  t h a t  is A 1  = A2 , or  R l C l  = R2C2, so t h a t  t h e  
poles  of y21, y22 and y can be made i d e n t i c a l  t o  cancel  i n  the 
t r a n s f e r  funct ion.  
(ii) I n  the previous s e c t i o n ,  w e  have chosen 
However, it is  n o t  fiecessary t o  have t h e  ( M + 1 )  zeros of  B ( s )  t o  
be - (2rn+1l2 consecut ively,  t h i s  is ,  m = 0,  1, ..., M, The B ( s )  
may have any (M+1) zeros of t h e  form - ( 2 m + l ) 2  , where t h e  m's 
a r e  any d i s t i n c t i v e  i n t e g e r s .  For in s t ance ,  i f  M = 3 ,  w e  may 
choose 
o r  
o r  
B ( s )  = ( s  + 1) ( s  + 9 )  ( s  + 25) ( s  + 4 9 )  
B ( s )  = ( s  + 1) ( s  + 25)  ( s  + 4 9 )  ( s  + 1 2 1 )  
B ( s )  = ( s  + 4 9 )  ( s  f 121) ( s  + 1 6 9 )  ( s  + 225) 
etc. 
Besides,  t h e  value for  M given a f t e r  (14) can be broadened as 
and 
-18- . 
(iii) Though t h e  above procedure i s  f o r  the  r e a l i z a t i o n  of open- 
c i r c u i t  t r a n s f e r  func t ion ,  it can be app l i ed  t o  a t r a n s f e r  func t ion  
G' with  a load  YL a t  t h e  p o r t  2 where 
--Y2 1 G' = 
Y 2 2  - ( y  + C o s )  + YL 
Compare ( 2 1 )  with (ll), i f  YL is  a capaci tance load,  YL = C L s ,  
w e  can fol low the exac t ly  same procedure,  j u s t  rep lac ing  Co i n  
(11) by C i  = Co - CL . 
I f  YL is  a conductive load, then  w e  can proceed s i m i l a r  
formulat ion with s l i g h t  modif icat ions.  One s imples t  way f o r  a l l  
k inds  of YL i s  t o  use t h e  same formula as the  open-circui t  t r a n s f e r  
func t ion  b u t  connect an i d e n t i c a l  Y t o  t h e  l e f t  of t h e  VNIC between 
t e rmina l s  3 and 0 (Fig.  5 ) .  
L 
V I I .  Examples 
For t h e  explana t ion  o f  t h e  s y n t h e s i s  procedure,  w e  r e a l i z e  
t h i r d  o r d e r  and s i x t h  order Butterworth low-pass f i l t e rs ,  The  
only d i f f e r e n c e  between the two r e a l i z a t i o n s  i s  t h e  c u t s  f o r  the 
t w o  d i s t r i b u t e d  RC elements i n  each case. 
The t h i r d  o r d e r  Butterworth low-pass f i l t e r  w i t h  3db cut-off 
frequency of 30X o r  s = 30 h a s  t h e  magnitude a t  s = j w  
c 
we f i n d  
i 
s 3  + 60s' + 1800s + 27000 
G ( s )  = 
According t o  (14), M = 3 for the presen t  case, so w e  choose 
B ( s )  = ( s  + 1) ( s  + 9) ( s  + 25) 
L e t  N ( s )  = 1 and D ( s )  = s 3  + 60s' + 1800s + 27000, t h e n  wc have 
N ( s )  
B (SI s + l  s + 9  s + 25 
.0052083333 - .0078125000 + -0026041667 - =  
and 
D ( s )  
B ( s )  s + l  s + 9  s + 25 
131.557292 - 116.648437 + 10.0911458 + - =  
From (181, w e  determine Blmts as  follows: 
= 0.0052083333 G I  
B12 = 0.00052083333 G i  
The maximum value t h a t  the cons tan t  G 1  can assume is  f i x e d  by t h e  
cond i t ion  (21). Choose t h e  m a x i m u m  value G 1  = 120, then we have 
B10 = 0.625,Bl1 =-0.3125 and B12 = 0.0625. 
determine  B2mts from (13) by 
The next  s t e p  i s  t o  
. -20 - 
L 
As a l l  t he  p B 2 m  (m = 0 ,  1, 2 )  h a v e  t o  be pos i t ive ,  t h e  upper l i m i t  
of G 2  i s  t h u s  f ixed. For s i m p l i c i t y ,  w e  choose t h i s  l i m i t  as G:! 
i n  t h i s  problem, that  i s  
G2 = 2,332034508 x l f 3  
and then w e  have 
= 0.368972041 2 1  47B20 = o ,  6 B  
and 6 B  = 0.0520358451 . 22 
The f ac to r  p i s  now used t o  scale the  second curve 
t o  be less t h a n  u n i t y  for  a l l  x. F o r  t h i s  example w e  t a k e  
P = .16098092 a r b i t r a r i l y  which  makes  m a x  l f2 (x )  I = 1 a n d  B 2 0  = 0 ,  
= .91961543,  B 2 2  = .12969266 . F i n a l l y ,  f r o m  ( 2 0 ) ,  w e  ob ta in  
C o R l  = .16436742 
The t w o  curves f 1 (x) and f 2(x) are shown i n  Fig. 7. 
Next, w e  realize 
or 
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Fig.  7 - f l ( x )  and f 2 ( x )  f o r  t h e  t h i r d  order  Butterworth low-pass f i l t e r  
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By t h e  s a m e  procedure descr ibed  above, w e  determine t h e  parameters 
t o  be 
G 1  = 3.9916800 x l o 7  G 2  = 4.55647653 X 
and 
= .71700039 
@ 2 1  = .51262685 
@20 = .45117187 
ell =-. 32265625 
= ,16113281 
%0 
= .25649567 $22  $12 
= -08542315 $23 B13 =-. 05371094 
= ,0107421875 B 2 4  = 0. $14 
= .01992741 '25 .0009765625 
- -  
$15 - 
The t w o  curves t o  be c u t  on t h e  conductors f l ( x )  and f 2 ( x )  are shown 
i n  Fig.  8. 
VIII. Conclusion 
The r a t i o n a l  s h o r t - c i r c u i t  parameters of t h e  class of d i s t r i -  
bu ted  RC elements used i n  t h i s  paper  w e r e  po in t ed  o u t  e a r l y  i n  1 9 6 2  
[l] . 
s t u d i e d  and p o t e n t i a l i t y  of t h i s  approach has  been e s s e n t i a l l y  
overlooked, Only r e c e n t l y ,  some very  special f u n c t i o n s  w e r e  r e a l i z e d  
wi th  good experimental  r e s u l t s  [51, [ 6 l .  The p r e s e n t  paper  f u r n i s h e s  
a g e n e r a l  method fo r  t h e  s y n t h e s i s  of any g iven  open-c i rcu i t  t r a n s f e r  
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Fig. ;3 - f 1 (x )  and f 2  (x )  f o r  t h e  s i x t h  o rde r  Eutterworth low-pass f i l t e r  
-24- 
func t ion  by using such d i s t r i b u t e d  RC elements.  Examples presented 
a r e  r e a l i z e d  only t h e o r e t i c a l l y  due t o  t h e  l ack  of f a c i l i t i e s .  
H o w e v e r ,  w e  b e l i e v e  t h a t  there should be no d i f f i c u l t y  i n  manu- 
f a c t u r i n g  s i n c e  t w o  previous works have been c a r r i e d  o u t  satis-  
f a c t o r i l y  a t  t h e  Boeing Company [3], [4], and t h a t  i t s  s i m p l i c i t y  
i n  t h e  s y n t h e s i s  procedure and compactness i n  phys ica l  s t r u c t u r e  
should m e r i t  p r a c t i c a l  i n t e r e s t ,  
The au thors  wish t o  thank Professor  K.W, Heizer f o r  many 
h e l p f u l  d i scuss ions .  
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